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RESUMO

N ́  ̂      ̃   ̧̃
,         ̧̃  
    . E      
  ́  ̂  ̧̃  ̧̃ ,   
̧̃  G  H́   ̧̃  B,     -
 ̧̃,      . O ́  ́   ́ 
F̈ ̃     ̧̃ ,    ̧̃
 S̈    . A ̧̃ ̃  
  ̃      ̂   -
.
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ABSTRACT

I            ,
               .
T               ,
  G         B,
  B    ,       .
T     F       , 
 S̈     . S     
          .

Keywords: D . S . P . M .
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4.2 EQUAÇÃO DE SCHRÖDINGER . . . . . . . . . . . . . . . . . . . . . . 56

5 CONCLUSÃO . 63
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1 INTRODUÇÃO

A      ́ı, ̧̃, , ., -

 ̃ ́  ̃    ,    , 

̂ -      ́  . N 

    ̧̃ ,     ́ ́  

́,      ̧̃. D ,     

   ̧̃   ́  ̂  ̧̃. O  

      ̧̃     

̂.

P     ̧̃   ̧̃  - ́

  ́  ́     ̧̃. N   ̧̃ ́

́        ̧̃     ̂, 

    ̧̃    ́-.

I́   ́ı ̃   ̧̃   , 

, ̃ ̧̃    ́  ̃ ̧̃     ́

,    ̧̃   ́ ́   -

,    ̧̃    ̧̃  ́

     ́ . A   ̧̃  -

  ̧̃        ́ ,  ̃ 

 ,         ̧̃  ̧̃ 

 ́  ̂.

D  ́      ̧̃ ,  

     ́  ̂  . O  

    ̃       ̧̃  S̈

   V = E (x).

U     ̃   ̧̃   

 ̃ ,  ́  ́ ́     ̧̃ ́ı.
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O  ́      .

O ́ı 2 ́  ̃  ̧̃ ,  ̧̃ -

     ̧̃     ̃ ,  

      ̧̃  ,    

 ̧̃   ́   ̧̃ ,  ̧̃ ́ı 

 ́   ́  ̂.

O ́ı 3   ̧̃ ,   ̧̃  B   ̧̃

 G  H́. D    ̧̃ ,   

̃    ̧̃,   ̧̃  B     

,       ́ı   ̧̃ 

 ̧̃  B ̃ ̧̃   ̧̃. A ̧̃  G ́

  ̂   ̧̃        ̧̃,

 ̧̃ ́   G.

O ́ı 4 ́  ̧̃. P    ̧̃ 

̧̃         ́. P  

̧̃  S̈,    ̧̃  ̧̃   ́

      ,    ̃  

̧̃  ,        ,  -

    ̧̃   ̧̃  ́   

̃ ,     ́  ́  ̂.
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2 REFERENCIAL TEÓRICO

2.1 EQUAÇÕES DIFERENCIAS

Denição 1.1 (E̧̃ ). Uma equação diferencial é uma equação em

que aparecem derivadas das variáveis dependentes em relação a uma ou mais variavéis

independentes.

S  y = f(x),     y ́  ̧̃  x,   y ́  

  x ́  .

T     ̧̃ :

d2y

dx2
= 2 (2.1)

∂2x

∂t∂h
+

∂y

∂t
= xy2 (2.2)

dy

dt
+ ty = t3 (2.3)

v
∂u

∂x
+

∂v

∂x
= 0 (2.4)

∂B

∂t
=

∂E

∂x
(2.5)

d3y

dt3
+ y2 = 0 (2.6)

Denição 1.2 (E̧̃ D O́). Uma equação diferencial é ordinária

se todas as derivadas são ordinárias, ou seja, derivadas de uma equação ou mais variáveis

dependentes em relação a uma variável indepentente. E: (2.1), (2.3)  (2.6).

Denição 1.3 (E̧̃ D P). Se na equação aparecem derivadas

parciais, a equação é dita equação diferencial parcial. E: (2.2),(2.4)  (2.5).

Denição 1.4 (O   E̧̃ D). A ordem da equação diferencial
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é dada pela ordem da derivada de maior ordem. E: (2.1)  (2.2) ̃  

; (2.3), (2.4)  (2.5) ̃   ; (2.6) ́   .

Denição 1.5 (E̧̃ D L). Uma equação diferencial é dita linear

se não aparecem:

) Termos trancendentais das variavéis dependentes, tais como  y(x). Termos trans-

cendetais são todas as funções exceto polinômios. E:  y(x);  y(t);  x(t);

 .

) Produto das variáveis dependentes ou suas derivadas, tais como, [x(t)]2; x(t)y(t);

x(t)dx
dt
; (dx

dt
)2.

E̃    : A ̧̃ (2.1), (2.3)  (2.5).

Denição 1.6 (E̧̃ D N̃-L). Uma equação diferencial é dita

não-linear se aparecem um dos termos das condições i) e ii) do item acima. E:

(2.2), (2.4)  (2.6).

Denição 1.7 (S̧̃   ̧̃ ). A solução de uma equação

diferencial é uma função que quando substituida na equação diferencial torna a igualdade

verdadeira. E:
dy

dx
= 2x

P    ̧̃  ̧̃   y = x2 + C1,   :

dy

dx
=

d

dx
(x2 + C1) = 2x

L,     ́ .

2.1.1 EQUAÇÕES DIFERENCIAIS ORDINÁRIAS DE 1a OR-
DEM

T  ̧̃   dy
dx

= f(y, x),       ̃

 ̧̃   , ́  .

2.1.1.1 EQUAÇÕES LINEARES

C̧    dy
dx

= −ay + b 

dy

dx
= −a(y − b

a
), a 6= 0,
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
1

(y − b
a
)

dy

dx
= −a.

I     ̧̃  ́ x:

∫
1

y − b
a

dy

dx
dx = −a

∫
dx,

́ı,

(y − b

a
) = −ax+ C1.

A      ,  

y − b

a
= e−ax+C1 ,

 ,

y =
b

a
+ e−axeC1 .

P  eC1 = K,   ̧̃  ̧̃ dy
dx

= −ay + b ́:

y = Ke−ax +
b

a
.

I   ́   ̧̃  :

dy

dx
+ p(x)y = g(x) (2.7)

• Método dos fatores integrantes

C    ̧̃     ̧̃ , 

  ̂-  ̧̃ :

1o) T  ̧̃ (2.7)    u(x), :

u(x)
dy

dx
+ u(x)p(x)y = u(x)g(x), (2.8)

O :

d

dx
[u(x)y] = u(x)

dy

dx
+ y

du(x)

dx
. (2.9)

C  ̧̃ (2.8)  (2.9)  :

d

dx
[u(x)y] = u(x)

dy

dx
+ y

du(x)

dx
= u(x)

dy

dx
+ u(x)p(x)y,
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,

y
du(x)

dx
= u(x)p(x)y

C y 6= 0,
du(x)

dx
= u(x)p(x).

I       ̃   ̧̃  ́

x, :
1

u(x)

du(x)

dx
dx = p(x)dx.

I

[u(x)] =

∫
p(x)dx,

,

u(x) = e
∫
p(x)dx. (2.10)

V   ̧̃ (2.8), :

u(x)
dy

dx
+ u(x)p(x)y = u(x)g(x),

 
d[u(x)y]

dx
= u(x)g(x).

I  ̧̃   ̧̃  x

u(x)y =

∫
u(x)g(x)dx,



y =
1

u(x)

∫
u(x)g(x)dx. (2.11)

P,  ̧̃  ̧̃ (2.7) ́   (2.11),     ́   (2.10).

2.1.1.2 EQUAÇÕES SEPARAVÉIS

C  ̧̃  ́  :

dy

dx
= f(x, y). (2.12)

P   ̧̃ (2.12)   M(x, y) +N(x, y) dy
dx

= 0,  

 M(x, y) = −f(x, y)  N(x, y) = 1.
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T     ̧̃ (2.12),

N(x, y)
dy

dx
= −M(x, y),

,

M(x, y) +N(x, y)
dy

dx
= 0. (2.13)

A ̧̃ (2.13) ́ ́   M    x  N   

y,  ,  ̧̃      :

M(x) +N(y)
dy

dx
= 0. (2.14)

L,  ̧̃ (2.14)      ̧̃.

2.1.2 EQUAÇÕES DIFERENCIAIS LINEARES DE 2a ORDEM

C  ̧̃:
d2y

dx2
= f(x, y,

dy

dx
) (2.15)

S  ̧̃ f  ̧̃ (2.15)    y  dy
dx
,  ̧̃ (2.15) ́

 ,  , f   :

f(x, y,
dy

dx
) = −p(x)

dy

dx
− q(x)y + g(x)

P,  ̧̃  ́   2a  ́  :

a0(x)
d2y

dx2
+ a1(x)

dy

dx
+ a2(x)y = g(x) (2.16)

S  ̧̃ (2.16), g(x) = 0, (2.16) ́  ̂.

S a0(x), a1(x)  a2(x)  (2.16) ̃ ,    ̧̃ (2.16) ́ 

̧̃  ́       , 

 ́-   :

a
d2y

dx2
+ b

dy

dx
+ cy = 0,

,

ay′′ + by′ + cy = 0. (2.17)
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P   ̧̃   y = erx   ̧̃  (2.17). E̃,

y′ = rerx e y′′ = r2erx,

S  (2.17) :

ar2erx + brerx + cerx = 0,

,

erx(ar2 + br + c) = 0.

P        

ar2 + br + c = 0,

E ̧̃ ́   ̧̃ ́ı.

D   ̧̃  ̧̃ ́ı  r1  r2. E̃  

̧̃   EDO, y1 = er1x  y2 = er2x.

Proposição: Se y1 e y2 são soluções de (2.17), então qualquer combinação linear

destas soluções também é uma solução de (2.17).

P: E y 

y = C1y1 + C2y2 ; y′ = C1y
′
1 + C2y

′
2 ; y′′ = C1y

′′
1 + C2y

′′
2

S  ̧̃ (2.17),  :

a(C1y
′′
1 + C2y

′′
2) + b(C1y

′
1 + C2y

′
2) + c(C1y1 + C2y2) = 0

C1(ay
′′
1 + by′1 + cy1) + C2(ay

′′
2 + by′2 + cy2) = 0

T  ay′′1 + by′1 + cy1 = ay′′2 + by′2 + cy2 = 0,  y ́ ̧̃  (2.17).

P   ̧̃ ́ı ́  ̧̃  2o ,   ̧̃

  ̂   ́ı.

→ Raizes da equação caracteŕıstica

) R́ı   ;

) R́ı C ;

)R́ı   .
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S  ar2 + br + c = 0,         r = −b±
√
∆

2a


∆ = b2 − 4ac,  :

) R́ı   

∆ > 0 ; r1 =
−b+

√
∆

2a
; r2 =

−b−
√
∆

2a
; R 3 r1 6= r2 ∈ R

) R  

∆ < 0 ; r1 =
−b

2a
+

i
√
∆

2a
; r2 =

−b

2a
− i

√
∆

2a
; C 3 r1 6= r̄2 ∈ C

O −b
2a

= γ 
√
∆

2a
= µ.

) R   

∆ = 0 ; r1 =
−b

2a
; r2 =

−b

2a
; R 3 r1 = r2 ∈ R

L  ̧̃      ́  :

) R   

y = C1e
r1x + C2e

r2x.

) R  

r1 = γ + iµ,

r2 = γ − iµ,

y1 = e(γ+iµ)x = eγxeiµx ; y2 = e(γ−iµ)x = eγxe−iµx, (2.18)

M,

eiµx = µx+ i µx, (2.19)

e−iµx = µx− i µx. (2.20)

S (2.19)  (2.20)  (2.18), :

y1 = eγx(µx+ i µx),

y2 = eγx(µx− i µx).
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A ̧̃  ́:

y = C1y1 + C2y2,

 ,

y = C1e
γx(µx+ i µx) + C2e

γx(µx− i µx),

,

y = eγx[(C1 + C2) µx+ (C1i− C2i) µx].

F C1 + C2 = A  C1i− C2i = B, :

y = eγx(A µx+ B µx)

) R  

L, r1 = r2.

T

ay′′ + by′ + cy = 0

C  r1    r2, ∆ = 0 ̃:

r =
−b±

√
∆

2a
=

−b

2a
⇒ r1 =

−b

2a
; r2 =

−b

2a
.

F,

r1 + r2 =
−b

2a
+

−b

2a
=

−b

a
⇒ r1 = r2 = r.

L,

r =
−b

2a
.

J́   y = erx ́ ̧̃ ̃, y1 = e
−bx
2a . V   y2 = v(x)y1

́ ́ ̧̃. A,

y2 = ve
−bx
2a ,

y′2 =
−b

2a
ve

−bx
2a + v′e

−bx
2a ,

y′′2 =
b2

4a2
ve

−bx
2a − b

2a
v′e

−bx
2a − b

2a
v′e

−bx
2a + v′′e

−bx
2a =

b2

4a2
ve

−bx
2a − bv′

a
e

−bx
2a + v′′e

−bx
2a .

S  ̧̃ ,  :

a[
b2

4a2
ve

−bx
2a − bv′

a
e

−bx
2a + v′′e

−bx
2a ] + b[

−b

2a
ve

−bx
2a + v′e

−bx
2a ] + cve

−bx
2a = 0.
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E    :

a(
b2v

4a2
− bv′

a
+ v′′) + b(− b

2a
+ v′) + cv = 0.

D ̧̃   :

− v

4a
(b2 − 4ac) + av′′ = 0.

M ∆ = b2 − 4ac = 0, :

av′′ = 0.

T   ̧̃:

v = Cx+D.

P, y2 = (Cx+D)e
−bx
2a ,   ̧̃  ́:

y = C1y1 + C2y2,

S

y = C1e
−bx
2a + C2(Cx+D)e

−bx
2a ,

D ̧̃   :

y = (C1 + C2D)e
−bx
2a + C2Cxe

−bx
2a ,

T C1 + C2D = A C2C = B, :

y = Ae
−bx
2a + Bxe

−bx
2a .

A ̧̃  ́  ̧̃   ̧̃ (2.17).

2.1.2.1 EQUAÇÕES LINEARES NÃO HOMOGÊNEAS

A ̧̃  ̃ ̂ ̃ ̧̃  :

y′′ + p(x)y′ + q(x)y = g(x), (2.21)

C g(x) 6= 0. E y = y(x)

J́  g(x) = 0:

y′′ + p(x)y′ + q(x)y = 0. (2.22)
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A ̧̃ (2.22) ́  ̧̃ ̂   ̧̃ (2.21).

Teorema 1.1: Se y1 e y2 são soluções de (2.21), então y1 − y2 é solução de (2.22).

Além disso se y1 y2 são soluções fundamentais de (2.22), então y1 − y2 = C1y1 + C2y2.

P:

y′′1 + p(x)y′1 + q(x)y1 = g(x),

,

−y′′2 − p(x)y′2 − q(x)y2 = −g(x).

L,    ̧̃   :

(y1 − y2”) + p(x)(y′1 − y′2) + q(x)(y1 − y2) = 0

P, y1 − y2 ́ ̧̃  (2.22).

Teorema 1.2: A solução geral de (2.21) é y(x) = φ(x) = C1y1 + C2y2 + Y (x), onde

y1 e y2 são soluções fundamentais de (2.22) e Y (x) é uma solução particular ou espećıca

de (2.21).

P:

N ̧̃ y1 − y2 = C1y1 + C2y2,  φ(x) = y1(x)  Y (x) = y2(x), :

φ(x)− Y (x) = C1y1 + C2y2,

 

y(x) = φ(x) = C1y1 + C2y2 + Y (x).

2.1.3 EQUAÇÕES DIFERENCIAIS ORDINÁRIAS LINEARES
COM COEFICIENTES CONSTANTES

S̃ ̧̃  :

an
dny

dxn
+ an−1

dn−1y

dxn−1
+ · · ·+ a1

dy

dx
+ a0y = b. (2.23)

S b = 0,  ̧̃ (2.23) ́  ̂.

P,  EDO    n ̂    ́  :

an
dny

dxn
+ an−1

dn−1y

dxn−1
+ · · ·+ a1

dy

dx
+ a0y = 0 (2.24)
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→ Soluções da equação (2.24):

I    ̧̃     y = erx,    :

dy

dx
= rerx ;

d2y

dx2
= r2erx ;

d3y

dx3
= r3erx · · · dny

dxn
= rnerx.

S     (2.24):

anr
nerx + an−1r

n−1erx + · · ·+ a1re
rx + a0e

rx = 0.

D  ̧̃   erx  :

anr
n + an−1r

n−1 + · · ·+ a1r + a0 = 0. (2.25)

A ̧̃ (2.25) ́   ̧̃ ́ı.

A ̧̃   (2.24) ́  ̧̃   ̧̃   erix,  ri,

1 ≤ i ≤ n, ́ ̧̃  (2.25). P,  ̧̃ ́  :

y(x) = C1e
r1x + C2e

r2x + · · ·+ Cne
rnx.

A ̧̃  ́  raizes do tipo reais e distintas.

A ̧̃  raizes do tipo reais e repetidas ́  :

y(x) = C1e
r1x + C2xe

r2x + · · ·+ Ckx
k−1erkx + Ck+1x

kerk+1x + · · · ,

,

y(x) =
θ∑

k=1

Ckx
k−1erkx,

 θ ́    ̧̃ .

A ̧̃  raizes complexas   r = γ ± iµ,    ̧̃  

e(γ±iµ)x  eγx µx+ eγx µx.

2.2 SÉRIES DE POTÊNCIAS

A    ́  ̂,      -

́    ,     ̧̃  ̧̃  

 ̂  . A  ̧̃  ́   ̧̃ 
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        ̧̃  S̈,    

   

Denição 1.6 (S́). Uma série é uma soma de elementos dispostos numa ordem

que é simbolizada por:
∞∑

n=0

an.

Denição 1.7 (S́  ̂). Uma série de potência é aquela em que as

potências de uma determinada variável, são simbolizadas por:

∞∑

n=0

anx
n.

E:
4

n=1 x
2n = x2 + x4 + x6 + x8

Denição 1.8 (S́  T). A série de Taylor de uma função f(x) é a série de

potências denidas por:

∞∑

n=0

1

n!

dnf(x)

dxn


x0

(x− x0)
n = f(x0) +

df(x)

dx


x0

(x− x0) +
1

2!

d2f(x)

dx2


x0

(x− x0)
2 + · · · ,

S  ́ ,  ́  T ́  ́ ̧̃,  ,

f(x) =
∞∑

n=0

1

n!

dnf(x)

dxn


x0

(x− x0)
n.

Denição 1.9 (S́  M). É um caso particular da série de Taylor com

x0 = 0, ou seja, a série de potências é denida por.

∞∑

n=0

1

n!

dnf(x)

dxn


0
xn.

2.2.1 MÉTODO DE SÉRIES

C  EDO:

a0(x)
d2y

dx2
+ a1(x)

dy

dx
+ a2(x)y = 0. (2.26)

N  ̧̃ ,      a0(x),  :

d2y

dx2
+

a1(x)

a0(x)

dy

dx
+

a2(x)

a0(x)
y = 0
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E p1(x) =
a1(x)
a0(x)

 p2(x) =
a2(x)
a0(x)

, :

d2y

dx2
+ p1(x)

dy

dx
+ p2(x)y = 0 (2.27)

Denição 1.10 (P ́  ). Se p1(x) e p2(x) são anaĺıticas em

x = x0, este ponto é ordinário. Caso contrário, x0 é singular, ou seja, um ponto em que

a função não pode receber este valor.

S  ̧̃ (2.26)    ́ x = x0,  ̧̃  ̧̃ ̃

 :

y(x) =
∞∑

n=0

an(x− x0)
n

2.2.2 MÉTODO DE FRÖBENIUS

Denição 1.10 (P    ). Tomando por base a equação

diferencial (2.27) normalizada, em que x0 é um ponto singular da equação diferencial. Se

as funções

Q1(x) = (x− x0)p1(x) e Q2(x) = (x− x0)
2p2(x)

são ambas anáĺıticas em x0, então em x0 é ponto singular regular. Se pelo menos uma

não for anaĺıtica, x0 é um ponto singular irregular.

Teorema 1.3: Considere que x0 seja um ponto singular regular da equação (2.27),

então existe pelo menos uma solução da forma:

y(x) = x− x0r
∞∑

n=0

an(x− x0)
n

em torno de x0, onde r é um parâmetro a ser determinado.

OBSERVAÇÃO: S́    ́  F̈    -

.

D     E̧̃    K D M

   .

Teorema 1.4: Se x0 um ponto singular regular da equação 2.27 e r1 e r2 as raizes da

equação indicial ligado ao x0, com r1 ∈ R e r2 ∈ R. Na situação, as soluções da equação

diferencial de acordo com o método de Fröbenius ao redor de um ponto x0 são dadas de

acordo com o caso abaixo.
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1. S r1 − r2 6= N ,   N ́  ́ ,   ̧̃ LI  ́ ̃:

y1(x) = x− x0r1
∞∑

n=0

an(x− x0)
n

y2(x) = x− x0r2
∞∑

n=0

bn(x− x0)
n

2. S r1 − r2 = N , N 6= 0,  ̧̃ LI  ́ ̃1:

y1(x) = x− x0r1
∞∑

n=0

an(x− x0)
n

y2(x) = Cy1(x)  x− x0+ x− x0r2
∞∑

n=0

bn(x− x0)
n

O C ́  .

3. S r1 = r2,  ̧̃ LI  ́ :

y1(x) = x− x0r1
∞∑

n=0

an(x− x0)
n

y2(x) = y1(x)  x− x0+ x− x0r1+1

∞∑

n=0

bn(x− x0)
n

1Mais em alguns casos a solução pode ser igual ao item anterior.



27

3 ALGUMAS EQUAÇÕES
ESPECIAIS

N ́ı,   ̧̃  ,  ̧̃ 

 G  ́   ̧̃   B. A     

  ̂   ,      

   ́  ̧̃.

3.1 EQUAÇÃO DE GAUSS OU HIPERGEOMÉTRICA

A ̧̃  G  ́ ́  ̧̃      :

x(1− x)
d2y

dx2
+ [γ − (α + β + 1)x]

dy

dx
− αβy = 0 (3.1)

 γ,α  β ̃ .

R  ̧̃ (3.1) :

d2y

dx2
+

[γ − (α + β + 1)x]

x(1− x)

dy

dx
− αβy

x(1− x)
= 0 (3.2)

D ̧̃ (3.2), -  x = 0  x = 1 ̃  .

A  x = 0 ́ :

Q1(x) = (x− x0)P1(x) = (x− 0)
[γ − (α + β + 1)x]

x(1− x)
=

[γ − (α + β + 1)x]

(1− x)

,

Q2(x) = (x− x0)
2P2(x) = (x− 0)2

αβ

x(1− x)
=

αβx

(1− x)

A ̧̃ Q1(x)  Q2(x) ̃ ́ı  x = 0,  x0 = 0 ́  
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     ̧̃  :

y(x) =
∞∑

n=0

anx
n+r (3.3)



dy

dx
=

∞∑

n=0

an(n+ r)xn+r−1 ;
d2y

dx2
=

∞∑

n=0

an(n+ r)(n+ r − 1)xn+r−2 (3.4)

S  ̧̃ (3.3)  (3.4)  (3.1):

x(1− x)
∞∑

n=0

an(n+ r)(n+ r − 1)xn+r−2 + [γ − (α + β + 1)x]
∞∑

n=0

an(n+ r)xn+r−1

−αβ
∞∑

n=0

anx
n+r = 0



∞∑

n=0

an(n+ r)(n+ r − 1)xn+r−1 −
∞∑

n=0

an(n+ r)(n+ r − 1)xn+r

+γ
∞∑

n=0

an(n+ r)xn+r−1 − (α + β + 1)
∞∑

n=0

an(n+ r)xn+r

−αβ
∞∑

n=0

anx
n+r = 0 (3.5)

N  ́   n− 1 = m  n = m+ 1, :

∞∑

n=0

an(n+ r)(n+ r − 1)xn+r−1 =
∞∑

m=−1

am+1(m+ r)(m+ r + 1)xm+r

 

∞∑

m=−1

am+1(m+ r)(m+ r + 1)xm+r =
∞∑

n=−1

an+1(n+ r)(n+ r + 1)xn+r

N  ́   n− 1 = m  n = m+ 1, :

∞∑

n=0

an(n+ r)xn+r−1 =
∞∑

m=−1

am+1(m+ r + 1)xm+r =
∞∑

n=−1

an+1(n+ r + 1)xn+r
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S  ́   (3.5),  :

∞∑

n=−1

an+1(n+ r)(n+ r + 1)xn+r −
∞∑

n=0

an(n+ r)(n+ r − 1)xn+r

+γ
∞∑

n=−1

an+1(n+ r + 1)xn+r − (α + β + 1)
∞∑

n=0

an(n+ r)xn+r

−αβ
∞∑

n=0

anx
n+r = 0



a0(r − 1)rxr−1 +
∞∑

n=0

an+1(n+ r)(n+ r + 1)xn+r −
∞∑

n=0

an(n+ r)(n+ r − 1)xn+rγa0rx
r−1

+γ
∞∑

n=0

an+1(n+ r + 1)xn+r − (α + β + 1)
∞∑

n=0

an(n+ r)xn+r − αβ
∞∑

n=0

anx
n+r = 0

 

a0r[(r − 1) + γ]xr−1 +
∞∑

n=0

[an+1(n+ r)(n+ r + 1)− an(n+ r)(n+ r − 1)

+γan+1(n+ r + 1)− (α + β + 1)an(n+ r)− αβan]x
n+r = 0



a0r[(r − 1) + γ]xr−1 +
∞∑

n=0

[(n+ r)(n+ r + 1) + γ(n+ r + 1)]an+1

−[(n+ r)(n+ r − 1) + (α + β + 1)(n+ r) + αβ]anxn+r = 0.

L

a0r[(r−1)+γ]xr−1+
∞∑

n=0

(n+r+1)(n+r+γ)an+1−[(n+r)(n+r+α+β)+αβ]anxn+r = 0.

(3.6)

O :

(n+r+α)(n+r+β) = (n+r)(n+r)+(n+r)α+(n+r)β+αβ = (n+r)(n+rα+β)+αβ

    ̧̃ (3.6), :

a0r[(r−1)+γ]xr−1+
∞∑

n=0

[(n+r+1)(n+r+γ)an+1−(n+r+α)(n+r+β)an]x
n+r = 0 (3.7)
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D ̧̃ (3.7)     ̧̃:

a0r[(r − 1) + γ] = 0 (3.8)



(n+ r + 1)(n+ r + γ)an+1 − (n+ r + α)(n+ r + β) = 0 (3.9)

A ̧̃ (3.8) ́   ̧̃    (3.9) ́  ̧̃  ̂.

D ̧̃     r,   (3.8)  a0 6= 0,  

 ̧̃ - , ̃  r[(r− 1)+ γ] = 0   ̧̃   ̃

r1 = 0  r2 = 1− γ.

C r1 = 0,  ̧̃  ̂ (3.9) ,  γ 6= 0  γ 6= −1:

an+1(n+ 1)(n+ γ)− (n+ α)(n+ β)an = 0



an+1(n+ 1)(n+ γ)− (n+ α)(n+ β)an = 0

 

an+1 =
(n+ α)(n+ β)an

(n+ 1)(n+ γ)
; n ≥ 0

A     n      ́, 

P n = 0,

a1 =
αβ

γ
a0

P n = 1,

a2 =
(α + 1)(β + 1)

2(1 + γ)
⇒ a2 =

αβ(α + 1)(β + 1)a0
2γ(γ + 1)

P n = 2,

a3 =
(α + 2)(β + 2)a2

3(γ + 2)
⇒ a3 =

αβ(α + 1)(β + 1)(α + 2)(β + 2)a0
2.3γ(γ + 1)(γ + 2)

S     ,   ̂ 

     :

an =
α(α + 1)(α + 2) · · · (α + n− 1)β(β + 1)(β + 2) · · · (β + n− 1)a0

n!γ(γ + 1)(γ + 2) · · · (α + n− 1)
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D ̧̃ (3.3)   :

y1 = a0 + a1x+ a2x
2 + · · ·+ anx

n + · · ·

S      a0  ̂, :

y1 = a0[1 +
αβx
γ + αβ(α+1)(β+1)

γ(γ+1)
x2

2 + · · ·

+
α(α + 1)(α + 2) · · · (α + n− 1)β(β + 1)(β + 2) · · · (β + n− 1)

γ(γ + 1)(γ + 2) · · · (γ + n− 1)

xn

n!
+ · · · ] (3.10)

O     ̧̃ (3.10) ́    ̧̃ ,

 função hipergeométrica F(α, β, γ, x). L:

F(α, β, γ, x) = 1 + αβx
γ + αβ(α+1)(β+1)

γ(γ+1)
x2

2 + · · ·

+
α(α + 1)(α + 2) · · · (α + n− 1)β(β + 1)(β + 2) · · · (β + n− 1)

γ(γ + 1)(γ + 2) · · · (γ + n− 1)

xn

n!
+ · · · (3.11)

C   ̧̃  r = 0 :

y1(x) = a0F(α, β, γ, x) (3.12)

A  ̧̃    -  r = 1− γ.

3.2 EQUAÇÃO DE BESSEL

E   ̧̃  B    ̂   

̂   . N     ̧̃   

  ,  ́ı        ,  

   .

T   ̧̃  B:

x2 d
2y

dx2
+ x

dy

dx
+ (x2 − p2)y = 0, (3.13)

 p ́       . P    ́  

x0 = 0,    ́    ,  ̧̃  ̧̃ (3.13):

y = xr

∞∑

n=0

anx
n =

∞∑

n=0

anx
n+r (3.14)
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 
dy

dx
=

∞∑

n=0

an(n+ r)xn+r−1 (3.15)


d2y

dx2
=

∞∑

n=0

an(n+ r)(n+ r − 1)xn+r−2 (3.16)

S  ̧̃ (3.14), (3.15)  (3.16)  ̧̃ (3.13), :

x2

∞∑

n=0

an(n+ r)(n+ r − 1)xn+r−2 + x
∞∑

n=0

an(n+ r)xn+r−1 + (x2 − p2)
∞∑

n=0

anx
n+r = 0

 

∞∑

n=0

an(n+r)(n+r−1)xn+r+
∞∑

n=0

an(n+r)xn+r+
∞∑

n=0

anx
n+r+2−p2

∞∑

n=0

anx
n+r = 0 (3.17)

N  ́   n+ 2 = m  n = m− 2, :

∞∑

n=0

anx
n+r+2 =

∞∑

m=2

am−2x
m+r =

∞∑

n=2

an−2x
n+r (3.18)

S (3.18)  (3.17)

∞∑

n=0

an(n+ r)(n+ r − 1)xn+r +
∞∑

n=0

an(n+ r)xn+r +
∞∑

n=2

an−2x
n+r − p2

∞∑

n=0

anx
n+r = 0

D   ́   n = 2, :

a0(r)(r − 1)xr + a1(r + 1)(r)xr+1 +
∞∑

n=2

an(n+ r)(n+ r − 1)xn+r + a0rx
r + a1(r + 1)xr+1

+
∞∑

n=2

an(n+ r)xn+r +
∞∑

n=2

an−2x
n+r − p2a0x

r − p2a1x
r+1 − p2

∞∑

n=2

anx
n+r = 0



a0x
r[r(r − 1) + r − p2] + a1x

r+1[r(r + 1) + (r + 1)− p2]

+
∞∑

n=2

[(n+ r)(n+ r − 1) + (n+ r)− p2]an + an−2xn+r = 0

L,

a0x
r(r2 − p2) + a1x

r+1[(r + 1)2 − p2] +
∞∑

n=2

[(n+ r)2 − p2]an + an−2xn+r = 0 (3.19)
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D ̧̃ (3.19)    ̧̃ :

(r2 − p2)a0 = 0

P  a0 6= 0,   :

r2 − p2 = 0 ⇒ r = ±p (3.20)

D ̧̃ (3.19) ́ :

[(r + 1)2 − p2]a1 = 0 (3.21)



[(n+ r)2 − p2]an + an−2 = 0 (3.22)

A  ̧̃ (3.22),     ̧̃  ̂:

an = − an−2

(n+ r)2 − p2
; n ≥ 2 (3.23)

D    ̧̃ (3.20)  r2 = p2,    ̧̃ (3.23) 

:

an = − an−2

n(n+ 2r)
; n ≥ 2 (3.24)

L   1.4  ́ı ,  ̧̃  ́  F̈

       ̧̃    ,  

   ̧̃    . E̃    ̧

     r,    ́ r = p.

P r = p   ,     ̧̃ (3.21):

(p2 + 2p+ 1− p2)a1 = 0



(2p+ 1)a1 = 0 (3.25)

P   ̧̃ (3.25)   ́ ́  a1 = 0,  p ≥ 0.

T́     r = p     ̧̃  ̂:

an = − an−2

n(n+ 2p)
; n ≥ 2 (3.26)
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C a1 = 0,     ı́, an ́ . A,   

 .

A,     ́, :

P n = 2,     ̧̃ (3.26,), :

a2 = − a2−2

2(2 + 2p)
= − a0

2(2 + 2p)
= − a0

4× 1(1 + p)

,

a2 = − a0
22 × 1(1 + p)

(3.27)

P n = 4, :

a4 = − a4−2

4(4 + 2p)
= − a2

4(4 + 2p)
=

a0
24 × 2(1 + p)(2 + p)

,

a4 =
a0

24 × 2(1 + p)(2 + p)

 ,

a4 =
a0

24 × 2![(1 + p)(2 + p)]
(3.28)

P n = 6, :

a6 = − a6−2

6(6 + 2p)
= − a4

6(6 + 2p)
= − a0

24 × 2× 1× 2× 3(1 + p)(2 + p)(6 + 2p)

,

a6 = − a0
25 × [1× 2× 3](1 + p)(2 + p)2(3 + p)

 ,

a6 = − a0
26 × 3![(1 + p)(2 + p)(3 + p)]

(3.29)

S   ̃ (3.27), (3.28)  (3.29), -  ̂

      :

a2n =
(−1)na0

22nn! [(1 + p)(2 + p) · · · (n+ p)]

 

a2n =
(−1)np!a0

22nn!(n+ p)!

L     r = p,     ̃ ̃    
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  ̧̃ (3.14):

y1(x) =
∞∑

n=0

(−1)np!a0x
2n+p

22nn!(n+ p)!

 

y1(x) = xp

∞∑

n=0

(−1)np!a0x
2n

22nn!(n+ p)!
(3.30)

A   ̧̃  r = −p     ̧̃ (3.21)  (3.24) :

(1− 2p)b1 = 0 (3.31)



bn = − bn−2

n(n− 2p)
; n 6= 2p ; n ≥ 2 (3.32)

D ̃ (3.31), -  n ̃     2p,  n ́ 

  p    - (   1
2
, 3
2
, .).

E̃    ̧̃   2p ̃ . D ̧̃ (3.31)  b1 = 0,

    ı́  ̧̃  ̂ ̃ . A 

   ́ .

P n = 2, :

b2 = − b2−2

2(2− 2p)
= − b0

4× 1(1− p)
= − b0

22 × (1− p)
(3.33)

P n = 4, :

b4 = − b4−2

4(4− 2p)
= − b2

4× 1× 2(2− p)
=

b0
22 × 4× 2!(1− p)(2− p)



b4 =
b0

24 × 2![(1− p)(2− p)]
(3.34)

P n = 6, :

b6 = − b6−2

6(6− 2p)
= − b4

2× 1× 2× 3(3− p)
=

b0
242![(1− p)(2− p)]2× 3!(3− p)

 

b6 = − b0
263![(1− p)(2− p)(3− p)]

(3.35)

S   ̃ (3.33), (3.34)  (3.35), -  
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̂       :

b2n =
(−1)nb0

22nn![(1− p)(2− p)(3− p)]

 

b2n =
(−1)n(−p)!b0
22nn!(n− p)!

; n 6= p

L     r = −p,     ̃ ̃    

  ̧̃ (3.14):

y2(x) =
∞∑

n=0

(−1)n(−p)!b0x
2n−p

22nn!(n− p)!

 

y2(x) = x−p

∞∑

n=0

(−1)n(−p)!b0x
2n

22nn!(n− p)!
(3.36)

A ̧̃  ́    ̧̃ (3.30)  (3.36), :

y(x) = xp

∞∑

n=0

(−1)np!a0x
2n

22nn!(n+ p)!
+ x−p

∞∑

n=0

(−1)n(−p)!b0x
2n

22nn!(n− p)!
(3.37)

T́    ̧̃  ̧̃  B    ̧̃ Γ

 

Γ(p+ 1) = p!



Γ(n+ p+ 1) = (n+ p)!

.

A,

y1(x) = xp

∞∑

n=0

(−1)nΓ(p+ 1)a0x
2n

22nn!Γ(n+ p+ 1)



y1(x) = a0Γ(p+ 1)
2p

2p
xp

∞∑

n=0

(−1)n

n!Γ(n+ p+ 1)

x
2

2n

 

y1(x) = a02
pΓ(p+ 1)

x
2

p
∞∑

n=0

(−1)n

n!Γ(n+ p+ 1)

x
2

2n

(3.38)

S 

a0 =
1

2pΓ(p+ 1)
(3.39)

  (3.39)  (3.38),  y1(x) = Jp(x),    ̧̃
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   função de Bessel      p,   

:

Jp(x) =
x
2

p
∞∑

n=0

(−1)n

n!Γ(n+ p+ 1)

x
2

2n

(3.40)

D  ́        ̧̃ (3.36)  

  função de Bessel      −p, :

J−p(x) =
x
2

−p
∞∑

n=0

(−1)n

n!Γ(n− p+ 1)

x
2

2n

(3.41)

L,    ̧̃   ̧̃  B   :

y(x) = a1Jp(x) + a2J−p(x) (3.42)

N   ̧̃  ́      p   -.
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4 ALGUMAS APLICAÇÕES

N ́ı    ̧̃,    ̂ 

  ̧̃ .

4.1 CORDA VIBRANTE

A      ,    ̂ 

̧̃   ,       ́ .

N ̧̃        ,  ̂ ̧̃, 

  ̂,    ̂      ̃

̂,   ̧̃  ̧̃,    ́ı    

 ̧̃     , ̃   ́  

̧̃  ̧̃ -  ̧̃  ̃    .

P  ̧̃    ̧̃;       -

,           (dS)     

  ̧̃  ,     . A  2a

L  N    ̧̃  .

F 1: U    
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C    ̧ ́   , ́   ̧̃ ax, 

   x,   :

F1x − F2x = dm · ax

D       F1x = F1  θ  F2x = F2  θ  ax = d2u(y,t)
dt2

,

 u ́   ,   :

F1  θ − F2  θ = dm · d
2u

dt2
(y, t)

,

(F1 − F2)  θ = dm · d
2u

dt2
(y, t)

T   θ =  θ· θ,   θ     θ '  θ,
́    θ = dx

dy
, :

(F1 − F2)
dx

dy
= dm · d

2u

dt2
(y, t)

P  F1−F2 = Fr,   ̧  (Fr)    

Fr =
dP

dt
=

d

dt
(m · v) = d

dt


m · du

dt
(y, t)


= m

d2u

dt · dt(y, t)

O  dx·m
dt·dt ,      ̃  (τ), :

τ
d2u

dy
(y, t) = dm

d2u

dt2
(y, t)

T  dm = ρ · dy,  ρ ́   , ̃:

τ
d2u

dt2
(y, t) = ρdy

d2u

dt2
(y, t)

 ,
∂2u

dy2
(y, t)− ρ

τ

∂2u

dt2
(y, t) = 0 (4.1)

P    ̂  ρ  τ       ̧̃

(4.1)   c2 = τ
ρ
,  ́      

 , ̃ :
∂2u

∂y2
(y, t)− 1

c2
∂2u

∂t2
(y, t) = 0 (4.2)

P    ̂     ̃ 
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    τ = m · g,      ̧̃ (4.1) :

∂2u

∂y2
(y, t)− ρ

m · g
∂2u

∂t2
(y, t) = 0

M m = ρ · y,  :

g
∂

∂y


y
∂u

∂t
(y, t)


− ∂2u

∂t2
(y, t) = 0 (4.3)

J́     ̃ ̂ ρ ́   , ρ = ρ(y),

̃     ̧̃ (4.1) :

τ
∂2u

∂t2
(y, t)− ρ(y)

∂2u

∂t2
= 0 (4.4)

4.1.1 CORDA VIBRANTE HOMOGÊNEA

I   ̧̃ (4.2),       ̧̃ ,

   y = 0    u ́        y = L

 u = 0,  ̃      ́ . T́   ̧̃

  t = 0, u(y, 0) = u0(y) 
∂u
∂t
(y, 0) = v0(y),  v0(y) ́  ̧̃ .

T   ̧̃ (4.2):

∂2u

∂y2
(y, t)− 1

c2
∂2u

∂t2
(y, t) = 0

  u ́  ̧̃  y  t , ̃ ́  ́  ̧̃  ́

  u(y, t) = Y (y)T (t),   Y (y) ́  ̧̃   y  T (t)

́  ̧̃   t,    (4.2):

∂2

∂y2
[Y (y)T (t)]− 1

c2
∂2

∂t2
[Y (y)T (t)] = 0

T   Y  T ̃    y  t, , -

   ̃          

  ́, :

T (t)
d2Y (y)

dt2
=

Y (y)

c2
d2T (t)

dt2
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D  ̧̃   Y (y)T (t),  :

1

Y (y)

d2Y (y)

dy2
=

1

c2T (t)

d2T (t)

dt2

L   ́ ́     ̧̃  ́  -

 −µ2,  ̃:

1

Y (y)

d2Y (y)

dy2
=

1

c2T (t)

d2T (t)

dt2
= −µ2


d2Y (y)

dy2
= −µ2Y (y) (4.5)


d2T (t)

dt2
= −µ2c2T (t) (4.6)

P    ̧̃ (4.5)  (4.6)   µ = 0, :

d2Y (y)

dy2
= 0 (4.7)


d2T (t)

dt2
= 0 (4.8)

A ̧̃  ̧̃ (4.7) ́:

d

dy


dY (y)

dy


= 0

A  ̧̃ , 

dY (y)

dy
= A1

D  , :

Y (y) = A1y +B1 (4.9)

 A1  B1 ̃ .

D  ́      ̧̃ (4.7),     ̧̃

(4.8)   :

T (t) = A2t+ B2 (4.10)

D    ̧̃   Y(0)=Y(L)=0,     ̧̃
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 u(0, t) = Y (0)T (t) = 0,    ̧̃  ̧̃ (4.9) 

A1 = B1 = 0. E̃   Y (y) = 0,  u(y, t) = 0,   ́ 

̧̃ ,       ́  .

A    ̧̃ (4.5)  (4.6)  µ 6= 0. P  ̧̃ (4.5):

d2Y (y)

dy2
= −µ2Y (y)


d2Y (y)

dy2
+ µ2Y (y) = 0

A ̧̃  ́  ̧̃     ,  

̧̃       ̧̃ ́ı  :

r2 + µ2 = 0

E    ̧̃  :

r1,2 = ±iµ

L  ̧̃  Y (y) ́ Y (y) = A1 (µy) + B1 (µy),    

̧̃  Y (0) = Y (L) = 0,   Y (0) = 0 :

0 = A1 (0) + B1 (0)

E̃ A1 = 0,  Y (L) = 0 :

0 = B1 (µL)

P   ̧̃   B1  (µL) ́     ,  B1 = 0

́  ̧̃ ,     ̃  (µL) = 0, ̃   ́

̧̃   µL    ́    π,  , µL = nπ,

 n = 0, 1, 2, 3, · · · ,   n = 0   ̧̃ . E̃ µ = nπ
L
, :

Yn(y) = B1 
nπy

l



D  ́    ̧̃ (4.5)     ̧̃ (4.6).

T (t) = A2 (µct) + B2 (µct)
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N  µ = nπ
L
   A2  B2    n, :

Tn(t) = A′
n 


nπct

L


+ B′

n 


nπct

L



T   ̧̃  ́ un(y, t) = Yn(y)Tn(t), ̃  Yn(y)  Tn(t) ,



un(y, t) = B1 
nπy

L


A′

n 


nπct

L


+ B′

n 


nπct

L



  A′
n · B1 = An  B

′
n · B1 = Bn :

un(y, t) =


An 


nπct

L


+ Bn 


nπct

L




nπy
L



    ̧̃   u(y, t),   u(y, t)   

un,  ,

u(y, t) =
∞∑

n=0


An 


nπct

L


+ Bn 


nπct

L




nπy
L


(4.11)

   ̧̃     . P  , ;

du

dy
(y, t) =

∞∑

n=1


−nπc

L
An 


nπct

L


+

nπc

L
Bn 


nπct

L




nπy
L


(4.12)

D    ̧̃  u(y, 0) = u0(y) 
du
dy
(y, 0) = v0(y), :

u(y, 0) = u0(y) =
∞∑

n=1

An 
nπy

L


(4.13)


du

dt
(y, 0) = v0(y) =

∞∑

n=1

nπc

L
Bn 

nπy
L


(4.14)

C u0(y)  v0(y) ̃    0 ≤ x ≥ L    S́ 

F,     An  Bn,    ̧̃ u(0, t) =

u(L, t) = 0,  :

An =
2

L

∫ L

0

u0(y) 
nπy

L


dy



Bn =
2

nπc

∫ L

0

v0(y) 
nπy

L


dy
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4.1.2 CORDA VIBRANTE HOMOGÊNEA PENDURADA

C   ,    ̧̃    ̂

   ̧̃ (4.3).

M    ̧̃ (4.3)     ̧̃  , 

     L  ́   y = L,  u(L, t) = 0, ́ 

 u(y, 0) = u0(y) 
∂u
dt
t=0 = v0(y).

D    ́  ̧̃  ́   u(y, t) = Y (y)T (t),

  Y (y) ́ ̧̃   y  T (t) ́ ̧̃   t,    ̧̃

(4.3) :

g
∂

∂y


y
∂

∂y
[Y (y)T (t)]

}
− ∂2

∂t2
[Y (y)T (t)] = 0

,

gT (t)
∂

∂y


y
∂Y (y)

∂y


− Y (y)

∂2T (t)

∂t2
= 0

 ,

gT (t)
∂Y (y)

∂y
+ gT (t)y

∂2Y (y)

∂y2
− Y (y)

∂2T (t)

∂t2
= 0

,

gT (t)


∂Y (y)

∂y
+ y

∂2Y (y)

∂y2


= Y (y)

∂2T (t)

∂t2

 ,
1

Y (y)


∂Y (y)

∂y
+ y

∂2Y (y)

∂y2


=

1

gT (t)

∂2T (t)

∂t2
.

L   ́ ́     ̧̃  ́  -

 −µ2,  ̃:

1

Y (y)


∂Y (y)

∂y
+ y

∂2Y (y)

∂y2


=

1

gT (t)

∂2T (t)

∂t2
= −µ2

,
1

Y (y)


∂Y (y)

∂y
+ y

∂2Y (y)

∂y2


= −µ2 (4.15)


1

gT (t)

∂2T (t)

∂t2
= −µ2 (4.16)

P    ̧̃ (4.15)  (4.16)  µ = 0   -

      ́,  :

y
d2Y (y)

dy2
+

dY (y)

dy
= 0 (4.17)
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
d2T (t)

dt2
= 0 (4.18)

A ̧̃   ̧̃ (4.17)  (4.18), ̃ :

Y (y) = A1 (y) + B1 (4.19)



T (t) = A2t+ B2 (4.20)

A   µ 6= 0,   ̧̃ (4.16)    ̧̃:

d2T (t)

dt2
+ µ2gT (t) = 0

C  ̧̃  ́  ̧̃     ,  

̧̃   :

T (t) = A2  (µ
√
gt) + B2  (µ

√
gt)

P  ̧̃ (4.15) :

y
∂2Y (y)

∂y2
+

∂Y (y)

∂y
+ µ2Y (y) = 0

P   ̧̃  ̧̃    ̧̃  B  

,     ̧  ́,

x =


4µ2y ; Y (y) = Z(x) = Z


4µ2y


(4.21)



∂Y (y)

∂y
=

∂Z

∂y

∂x

∂y
;

∂2Y (y)

∂y2
=

∂

∂y


∂Z

∂y

∂x

∂y


;

∂2Y (y)

∂y2
=

∂2Z

∂y2


∂x

∂y

2

+
∂Z

∂y

∂2x

∂y2

(4.22)


∂x

∂y
=

2µ2


4µ2y

;
∂2x

∂y2
= −1

2

2µ24µ2

(4µ2y)
3
2

⇒ ∂2x

∂y2
= − µ2

y


4µ2y
(4.23)

S (4.23)  (4.22):

∂Y (y)

∂y
=

2µ2


4µ2y

∂Z

∂y
=

2µ2

x

∂Z

∂y
;

∂2Y (y)

∂y2
=

(
2µ2


4µ2y

)2
∂2Z

∂y2
− µ2

y


4µ2y

∂Z

∂y
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
∂Y (y)

∂y
=

2µ2

x

∂Z

∂y
; y

∂2Y (y)

∂y2
= µ2∂

2Z

∂y2
− µ2

x

∂Z

∂y
(4.24)

S (4.23)  (4.24)  (4.15):

µ2∂
2Z

∂y2
− µ2

x

∂Z

∂y
+

2µ2

x

∂Z

∂y
+ µ2Z = 0 (4.25)

M (4.25)  x2    µ2 :

x2Z ′′(x) + xZ ′(x) + x2Z(x) = 0 (4.26)

A ̧̃  ́   ̧̃  B   ,  

  ̧̃   ́  F      

 x0 = 0:

Z = (x− x0)
r

∞∑

n=0

an(x− x0)
n = (x− 0)r

∞∑

n=0

an(x− x0)
n

,

Z =
∞∑

n=0

anx
n+r (4.27)

D  ̧̃ (4.27) :

Z ′ =
∞∑

n=0

an(n+ r)xn+r−1 ; Z ′′ =
∞∑

n=0

an(n+ r)(n+ r − 1)xn+r−2 (4.28)

S (4.27)  (4.28)  (4.26):

x2

∞∑

n=0

an(n+ r)(n+ r − 1)xn+r−2 + x
∞∑

n=0

an(n+ r)xn+r−1 + x2

∞∑

n=0

anx
n+r = 0

 

∞∑

n=0

an(n+ r)(n+ r − 1)xn+r +
∞∑

n=0

an(n+ r)xn+r +
∞∑

n=0

anx
n+r+2 = 0 (4.29)

P-   ́ x    ̂    -

́,        ́, m = n+2

 n = m− 2,  :

∞∑

n=0

anx
n+r+2 =

∞∑

m=2

am−2x
m+r
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   ı́ , :

∞∑

n=0

anx
n+r+2 =

∞∑

n=2

an−2x
n+r

S  ̧̃   (4.29):

∞∑

n=0

an(n+ r)(n+ r − 1)xn+r +
∞∑

n=0

an(n+ r)xn+r +
∞∑

n=2

an−2x
n+r = 0

  ́   n = 2:

a0r(r − 1)xr + a1(r + 1)rxr+1

∞∑

n=2

an(n+ r)(n+ r − 1)xn+r + a0rx
r + a1(r + 1)xr+1

+
∞∑

n=2

an(n+ r)xn+r +
∞∑

n=2

an−2x
n+r = 0

R  ̧̃  :

a0x
r

r2

+ a1x

r+1(r + 1)2 +
∞∑

n=2

an [(n+ r)(n+ r − 1) + (n+ r)] + an−2 xn+r = 0

D ̧̃     ̧̃ :

a0r
2xr = 0



a1(r + 1)2xr+1 = 0 (4.30)

T́   ̧̃  ̂:

an [(n+ r)(n+ r − 1) + (n+ r)] + an−2 xn+r = 0 (4.31)

A ̧̃   ̧̃  ́ r1 = r2 = 0,       . A

̧̃  ̂ ́ :

an = − an−2

(n+ r)(n+ r − 1) + (n+ r)
; n ≥ 2

P  Z1,  r = 0. N ̧̃ (4.30)     

 a1 = 0. D       a1 ̃ ,  ,
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a3 = a5 = a7 = · · ·+ 0. A́ ,

an = −an−2

n2
; n = 2, 4, 6, 8, · · ·

 

a2n = −a2n−2

(2n)2
; n = 1, 2, 3, 4, · · · (4.32)

C  . P n = 1:

a2 = −a0
22

P n = 2, :

a4 = − a2·2−2

(2 · 2)2 =
a0

24 · 22

P n = 3, :

a6 = − a2·3−2

(2 · 3)2 = − a0
26(3 · 2)2

D    -  ̂    

  :

a2n =
(−1)na0
22n(n!)2

; n = 1, 2, 3, 4, · · · (4.33)

P   ̧̃ ́:

Z1(x) = a0

[
1 +

∞∑

n=1

(−1)nx2n

22n(n!)2

]
; x > 0

A ̧̃   ́   função de Bessel   ́  ́

  J0(x). A ́    x  J0 ́ ́ı  x = 0.

C   ̃ ,     Z2, ́    

̧̃  ̂. V      ̧̃ (4.30) xr+1, (r+1)2a1 =

0,      a′1(0) = 0,       a1(0),

́  , a′3(0) = a′5(0) = · · · = a′2n−1(0) = 0, ̃   a′2n(0),

n = 1, 2, 3, · · · . D ̧̃ (4.32),  r,  :

a2n(r) = − a2n−2(r)

(r + 2n)2
para n = 1, 2, 3, · · · (4.34)

R  ̧̃  ̂,  ,  n = 1 :

a2(r) = − a0
(r + 2)2
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P n = 2, :

a4(r) =
a0

(r + 2)2(r + 4)2

E   :

a2n(r) =
(−1)na0

(r + 2)2 · · · (r + 2n)2
n ≥ 2

P  a′2n(r)     - ,

f(x) = (x− α1)
β1(x− α2)

β2(x− α3)
β3 · · · (x− αn)

βn

  x ́   α1,α2,α3, · · · ,αn, ̃:

f ′(x)

f(x)
=

β1

x− α1

+
β2

x− α2

+
β3

x− α3

+ · · ·+ βn

x− αn

A    a2n(r)  ̧̃ (4.34), - :

a′2n(r)

a2n(r)
= −2


1

r + 2
+

1

r + 4
+ · · ·+ 1

r + 2n


,

 r = 0,

a′2n(0) = −2


1

2
+

1

4
+ · · ·+ 1

2n


a2n(0)

S a2n(0),   ̧̃ (4.33)  ̧̃   :

Hn = 1 +
1

2
+

1

3
+ · · ·+ 1

n

O :

a′2n(0) = −Hn(−1)na0
22n(n!)2

; n = 1, 2, 3, · · ·

A  ̧̃  B       - a0 = 1 

  ̧̃

Z2(x) = Z1(x)  x+ xr1

∞∑

n=1

b2n(r1)x
n

 Z1(x) = J0(x)  b2n = a′2n. O:

Z2(x) = J0(x)  x+
∞∑

n=1

(−1)n+1(n+ 1)Hnx
2n

22n(n!)2
; x > 0 (4.35)

E   Z2,   ̧̃ ,  , ́   -
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̧̃   J0  Z2. E ́   ̧̃  B   ́  ́

  Z0. D:

Z0 =
2

π
[Z2(x) + (γ −  2)J0(x)] (4.36)

O γ ́    E-M́,  ́   ̧̃:

γ = 
n→∞

(Hn − n) ' 0, 5772

S Z2(x)  ̧̃ (4.36), :

Z0 =
2

π

[
γ + 

x

2


J0(x) +

∞∑

n=1

(−1)n+1(n+ 1)Hnx
2n

22n(n!)2

]
; x > 0 (4.37)

A ̧̃   ̧̃  B  x > 0 ́:

Z = C1J0(x) + C2Z0(x)

S Z0  ̧̃   0. V   ́    

̧̃  ̧̃      µ 6= 0.

Y (y) = C1J0


4µ2y


+ C2Z0


4µ2y


(4.38)

A ̧̃       C2 6= 0,   Z0(


4µ2y) 

 y = 0,   ̃ ́ ́,       C2 = 0.

C ̃  ̧̃ Y (y) = C1J0


4µ2y


( C1 = 1),   

   ̧̃   u(L, t) = 0 → Y (L) = 0. I 


4µ2L

     α0
k, k ∈ N  ̧̃  B J0  R+. C :

µ =
α0
k√
4L

; 0 ≥ y ≥ L



Yk(y) = J0


a0k

√
y

L


; k = 1, 2, 3, · · · (4.39)

D ̧̃  -:

T (t) = A2  (µ
√
gt) + B2  (µ

√
gt)

S  ̧̃   t = 0  u(L, t) = 0 → T (L) = 0, 
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T (0) = 0, :

T (0) = A2 = 0 ; T (L) = B2 (µ
√
gt)

I ́   wk = µ
√
g  µ =

α0
k

2
√
L
. A   k ́ı :

Tk(t) = Ak (wkt) + Bk (wkt) (4.40)

S (4.39)  (4.40)  uk(y, t) = Y (y)T (t), :

uk(y, t) = [Ak (wkt) + Bk (wkt)] J0


α0
k

√
y

L



A ̧̃  ́:

u(y, t) =
∞∑

k=1

[Ak (wkt) + Bk (wkt)] J0


α0
k

√
y

L



 

∂u

∂t
(y, t) =

∞∑

k=1

[−Akwk (wkt) + Bkwk (wkt)] J0


α0
k

√
y

L



E u(y, 0) = u0(y) 
∂u
∂t
(y, 0) = v0(y),    :

u0(y) =
∞∑

k=1

AkJ0


α0
k

√
y

L


(4.41)



v0(y) =
∞∑

k=1

BkwkJ0


α0
k

√
y

L


(4.42)

P    Ak  Bk    ̧̃  

  ̧̃  B J0:

∫ 1

0

J0(α
0
kx)J0(α

0
l x)xdx =

δk,lJ1(α
0
k)

2

2

M     ̧̃ (4.41)  (4.42)  J0

α0
k


y
L


 

 0  L, -:

∫ L

0

J0


α0
l

√
y

L


u0(y)dy =

∞∑

n=1

Ak

∫ L

0

J0


α0
k

√
y

L


J0


α0
l

√
y

L


dy
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 ∫ L

0

J0


α0
l

√
y

L


v0(y)dy =

1

2

√
g

L

∞∑

n=1

Bkα
0
k

∫ L

0

J0


α0
k

√
y

L


J0


α0
l

√
y

L


dy

O, wk =
α0
k

2


g
L
. F  ̧̃  ́:

x =

√
y

L
; dx =

1

2

 y

L

− 1
2 1

L
dy → dy = 2Lxdx

E̃,

∫ L

0

J0


α0
k

√
y

L


J0


α0
l

√
y

L


dy = 2L

∫ 1

0

J0

α0
kx

J0


α0
l x

xdx = L


J1(α

0
k)
2

δk,l

 ∫ L

0

J0


α0
l

√
y

L


u0(y)dy =

∞∑

k=1

AkL

J1(α

0
k)
2

δk,l

 ∫ L

0

J0


α0
l

√
y

L


v0(y)dy =

1

2

√
g

L

∞∑

n=1

Bkα
0
kL


J1(α

0
k)
2

δk,l

O δk,l = 1 → k = l  δk,l = 0 → k 6= l,  k = l   ̧̃  

   ̧̃  :

Al =
1

L(J1(α0
k))

2
=

∫ L

0

J0


α0
l

√
y

L


u0(y)dy



Bl =
1

α0
k

√
gL(J1(α0

k))
2

∫ L

0

J0


α0
l

√
y

L


v0(y)dy

4.1.3 CORDA VIBRANTE NÃO-HOMGÊNEA

C       ̧̃    ̃-̂

́  ̧̃ (4.4). E :

τ
∂2u

∂t2
(y, t)− ρ(y)

∂2u

∂t2
= 0

N       L  ́       

̃ τ  .

P   ̧̃  ̧̃ (4.4)   ̧̃  

    ́  ̧̃  ́,   u(y, t) =

Y (y)T (t),  Y (y) ́  ̧̃  y  T (t) ́  ̧̃  t,  
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̧̃ (4.4) :

τ
∂2

∂y2
[Y (y)T (t)]− ρ(y)

∂2

∂t2
[Y (y)T (t)] = 0


1

ρ(y)Y (y)

∂2Y (y)

∂y2
=

1

τ · T (t)
∂T (t)

∂t2

L   ́ ́       −µ2, 

̃:
1

ρ(y)Y (y)

∂2Y (y)

∂y2
=

1

τ · T (t)
∂T (t)

∂t2
= −µ2



y′′(y) + µ2ρ(y)Y (y) = 0 (4.43)



T ′′(t) + µ2τT (t) = 0 (4.44)

P    ̧̃ (4.43)  (4.44)  µ = 0,  :

Y ′′(y) = 0 (4.45)



T ′′(t) = 0 (4.46)

E̃  ̧̃  (4.45)  (4.46) ̃, , Y (y) = A1y + B1 

T (t) = A2t + B2. D    ̧̃   Y (0) = 0  Y (L) = 0, 

A1 = B1 = 0,  Y (y) = 0   u(y, t) = Y (y)T (t),  u = 0  ́  

̧̃       .

A    ̧̃ (4.43)  (4.44)  µ 6= 0  ́ 

 ρ(y) = ρ0 + ηy,  ρ0  η ̃ ,       ̧̃

(4.43):

Y ′′(y) + µ2(ρ0 + ηy)Y (y) = 0 (4.47)


d2Y (y)

dy2
+ µ2(ρ0 + ηy)Y (y) = 0

R  ̧̃    y0 = 0,  ́  ́    ̧̃

  :

Y (y) =
∞∑

n=0

an(y − y0)
n =

∞∑

n=0

any
n (4.48)
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 

dY (y)

dy
=

∞∑

n=1

anny
n−1 ;

d2Y (y)

dy2
=

∞∑

n=2

ann(n− 1)yn−2 (4.49)

S (4.48)  (4.49)  (4.47) :

∞∑

n=2

ann(n− 1)yn−2 + µ2ρ0

∞∑

n=0

any
n + µ2η

∞∑

n=0

any
n+1 = 0 (4.50)

N  ́  n− 2 = m  n = m+ 2, :

∞∑

n=2

ann(n− 1)yn−2 =
∞∑

m=0

am+2(m+ 2)(m+ 1)ym =
∞∑

n=0

an+2(n+ 2)(n+ 1)yn

N  ́  n+ 1 = m  n = m− 1, :

∞∑

n=0

any
n+1 =

∞∑

m=1

am−1y
m =

∞∑

n=1

an−1y
n

S  ́   ̧̃ (4.50), :

∞∑

n=0

an+2(n+ 2)(n+ 1)yn + µ2ρ0

∞∑

n=0

any
n + µ2η

∞∑

n=1

an−1y
n = 0

D   ́   n = 1, :

a0+2(0 + 2)(0 + 1)
∞∑

n=1

an+2(n+2)(n+1)yn + µ2ρ0a0 + µ2ρ0

∞∑

n=1

any
n + µ2η

∞∑

n=1

an−1y
n = 0

T́    ̧̃   µ2ρ0 = θ  µ2η = α, ̃

:

2a2 + θa0 +
∞∑

n=1

[an+2(n+ 2)(n+ 1) + θan + αan−1] y
n = 0 (4.51)

D ̧̃      ̧̃:

{
2a2 + θa0 = 0

an+2(n+ 2)(n+ 1) + θan + αan−1 = 0

D  ̧̃   :

a2 = −θa0
2
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   :

an+2 =
−θan − αan−1

(n+ 2)(n+ 1)
; n ≥ 1

 

an+3 =
−θan+1 − αan
(n+ 3)(n+ 2)

; n ≥ 0

A     ̧̃ .

P n = 0, :

a3 =
−θa1 − αa0

6

P n = 1, :

a4 =
−θa2 − αa1

12
=

θ2a0 − 2αa1
24

P n = 2, :

a5 =
−θa3 − αa2

20
=

θ2a1+θαa0
6

+ θαa0
2

20



a5 =
θ2a1 + 4θαa0

120

T   ̧̃  Y (y):

Y (y) =
∞∑

n=0

any
n



Y (y) = a0 + a1y + a2y
2 + a3y

3 + a4y
4 + a5y

5 + · · ·

S    a2, a3, a4  a5  ̧̃ , :

Y (y) = a0+a1y−
θa0
2

y2+

−θa1 − αa0
6


y3+


θ2a0 − 2αa1

24


y4+


θ2a1 + 4θαa0

120


y5+· · ·

 

Y (y) = a0


1− θ

2
y2 − α

6
y3 +

θ2

24
y4 +

θα

30
y5 + · · ·



+a1


y − θ

6
y3 − α

12
y4 +

θ2

120
y5 + · · ·


(4.52)

C -  ̧̃ (4.52)      ̧̃ 

,   ̧̃ (4.52)     ̧̃   Y (y). T
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́   ̧̃  T (t) ́:

T (t) = A (µ
√
τ t) + B (µ

√
τ t)

T ́  u(y, t) = Y (y)T (t),   ̧̃  ́:

u(y, t) = a0


1− θ

2
y2 − α

6
y3 +

θ2

24
y4 +

θα

30
y5 + · · ·


·

A (µ

√
τ t) + B (µ

√
τ t)



+a1


y − θ

6
y3 − α

12
y4 +

θ2

120
y5 + · · ·


·

A (µ

√
τ t) + B (µ

√
τ t)



4.2 EQUAÇÃO DE SCHRÖDINGER

N ́ı ̂   ̧̃    -  ̧̃  

[Ψ(x, t)],            

 ̧̃ x      t. N , ́    [Ψ(x, t)]

. E ̧̃ ́   ̧̃  S̈  :

i~
∂Ψ

∂t
(x, t) = − ~2

2m

∂2Ψ

∂x2
(x, t) + V (x, t)Ψ(x, t) (4.53)

N ̧̃ ~  m ̃ .

P  ̧̃     ́  ̧̃  ́,  

    Ψ(x, t) = ψ(x)T (t)    ̧̃ (4.53):

i~ψ(x)
∂T (t)

∂t
= − ~2

2m

∂2ψ(x)

∂x2
+ V (x, t)ψ(x)T (t)

   ̧̃   1
ψ(x)T (t)

:

i~
T (t)

∂T (t)

∂t
= − ~2

2mψ(x)

∂2ψ(x)

∂x2
+ V (x, t) (4.54)

A  V (x, t) = V (x)    ̧̃ (4.54) ́   E,

   , 

i~
T (t)

∂T (t)

∂t
= − ~2

2mψ(x)

∂2ψ(x)

∂x2
+ V (x) = E

D́ı, 

i~
T (t)

∂T (t)

∂t
= E ⇒ dT (t)

dt
− ET (t)

i~
= 0 (4.55)
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

− ~2

2mψ(x)

∂2ψ(x)

∂x2
+V (x) = E ⇒ − ~2

2m

d2ψ(x)

dx2
+V (x)ψ(x)−Eψ(x) = 0 (4.56)

A ̧̃ (4.56) ́   ̧̃  S̈   .

R  ̧̃ (4.55)  (4.56)  E = V (x) = 0, :

dT (t)

dt
= 0 ⇒ T (t) = A1 (4.57)



− ~2

2m

d2ψ(x)

dx2
= 0 ⇒ d2ψ(x)

dx2
= 0 ⇒ dψ(x)

x
= A2 ⇒ ψ(x) = A2x+B2

(4.58)

C Ψ(x, t) = ψ(x)T (t),   ̧̃   E = V = 0 ́:

Ψ(x, t) = (A2x+B2)A1 ⇒ Ψ(x, t) = Ax+B

 A  B ̃ .

A   ̧̃  E 6= 0. P,  ̧̃   ̧̃ (4.55) 

́   ̧̃:

T (t) = A1e
Et
ih (4.59)

F  ̧̃  ̧̃  S̈    (4.56), :

d2ψ(x)

dx2
+

E2m

~2
ψ(x)− 2mV (x)

~2
ψ(x) = 0

C  γ = E2m
~2 ,        ̧̃ :

d2ψ

dx2
+ γψ(x)− γV (x)

E
ψ(x) = 0 ⇒ d2ψ(x)

dx2
+ γ


1− V (x)

E


ψ(x) = 0

S V (x) = E (x), :

d2ψ(x)

dx2
+ γ(1− (x))ψ(x) = 0 (4.60)

C Z = 1− (x), :

dZ

dx
= −sech2(x) = −(1− 2(x)) = −1 + 2(x) = −1 + (1− Z)2 = −2Z + Z2
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
dZ

dx
= Z(Z − 2)



d2Z

dx2
= 2sech2(x) 2(x) = 2(1− 2(x)) (x) = 2[1− (1− Z)2](1− Z)


d2Z

dx2
= 2(1− Z)(2− Z)Z

F

dψ(x)

dx
=

dψ

dZ

dZ

dx
;

d2ψ(x)

dx2
=

d2ψ

dZ2


dZ

dx

2

+
dψ

dZ

d2Z

dx2

S    dZ
dx
 d2Z

dx2 
d2ψ(x)
dx2 , :

d2ψ(x)

dx2
= Z2(Z − 2)2

d2ψ

dZ2
+ 2Z(1− Z)(2− Z)

dψ

dZ
(4.61)

S  ̧̃ (4.61)  (4.60), :

Z2(Z − 2)2
d2ψ

dZ2
+ 2Z(1− Z)(2− Z)

dψ

dZ
+ γZψ = 0


d2ψ

dZ2
+

2(1− Z)(2− Z)

Z(Z − 2)2
dψ

dZ
+

γψ

Z(Z − 2)2
= 0

 
d2ψ

dZ2
+

2(1− Z)

Z(2− Z)

dψ

dZ
+

γψ

Z(Z − 2)2
= 0

C  Z0 = 0  Z0 = 2 ̃   ,   ̧̃

   ́  ́  F̈, :

ψ(Z) = Z − Z0r
∞∑

n=0

an(Z − Z0)
n ⇒ ψ(Z) =

∞∑

n=0

an(Z − Z0)
n+r

R    Z0 = 0, :

ψ(Z) =
∞∑

n=0

anZ
n+r
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D,

ψ′(Z) =
∞∑

n=0

an(n+ r)Zn+r−1 ⇒ ψ′′(Z) =
∞∑

n=0

an(n+ r)(n+ r − 1)Zn+r−2

M,

Z(2− Z)2ψ′′(Z) + 2(1− Z)(2− Z)ψ′(Z) + γψ(z) = 0

S, :

(4Z − 4Z2 + Z3)
∞∑

n=0

an(n+ r)(n+ r − 1)Zn+r−2 + (4− 6Z + 2Z2)
∞∑

n=0

an(n+ r)Zn+r−1

+γ
∞∑

n=0

anZ
n+r = 0



4
∞∑

n=0

an(n+ r)(n+ r − 1)Zn+r−1 − 4
∞∑

n=0

an(n+ r)(n+ r − 1)Zn+r

+
∞∑

n=0

an(n+ r)(n+ r − 1)Zn+r+1 + 4
∞∑

n=0

an(n+ r)Zn+r−1

−6
∞∑

n=0

an(n+ r)Zn+r + 2
∞∑

n=0

an(n+ r)Zn+r+1

+γ
∞∑

n=0

anZ
n+r = 0 (4.62)

F   ́ n− 1 = m  n = m+ 1, :

∞∑

m=−1

am+1(m+ r + 1)(m+ r)Zm+r =
∞∑

n=−1

an+1(n+ r + 1)(n+ r)Zn+r

F   ́ n+ 1 = m  n = m− 1, :

∞∑

m=1

am−1(m+ r − 1)(m+ r − 2)Zm+r =
∞∑

n=1

an−1(n+ r − 1)(n+ r − 2)Zn+r

F   ́ n− 1 = m  n = m+ 1, :

∞∑

m=−1

am+1(m+ r + 1)Zm+r =
∞∑

n=−1

an+1(n+ r + 1)Zn+r
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F   ́ n+ 1 = m  n = m− 1, :

∞∑

m=1

am−1(m+ r − 1)Zm+r =
∞∑

n=1

an−1(n+ r − 1)Zn+r

S  ́   (4.62), :

4
∞∑

n=−1

an+1(n+ r + 1)(n+ r)Zn+r − 4
∞∑

n=0

an(n+ r)(n+ r − 1)Zn+r

+
∞∑

n=1

an−1(n+ r − 1)(n+ r − 2)Zn+r + 4
∞∑

n=−1

an+1(n+ r + 1)Zn+r

−6
∞∑

n=0

an(n+ r)Zn+r + 2
∞∑

n=1

an−1(n+ r − 1)Zn+r

+γ
∞∑

n=0

anZ
n+r = 0 (4.63)

D   ́   n = 1:

4a0r(r − 1)Zr−1 + 4a1(r + 1)rZr − 4a0r(r − 1)Zr + 4a0rZ
r−1 + 4a1(r + 1)Zr

−6a0rZ
r + γa0Z

r +
∞∑

n=1

[4an+1(n+ r + 1)(n+ r)− 4an(n+ r)(n+ r − 1)

+an−1(n+ r − 1)(n+ r − 2) + 4an+1(n+ r + 1)− 6an(n+ r)

+2an−1(n+ r − 1) + γan]Z
n+r = 0



[4a0r(r − 1) + 4a0r]Z
r−1 + [4a1(r + 1)r − 4a0r(r − 1) + 4a1(r + 1)− 6a0r + γa0]Z

r

+
∞∑

n=1

[4an+1(n+ r + 1)(n+ r)− 4an(n+ r)(n+ r − 1) + an−1(n+ r − 1)(n+ r − 2)

+4an+1(n+ r + 1)− 6an(n+ r) + 2an−1(n+ r − 1) + γan]Z
n+r = 0

 

4a0[r(r − 1) + r]Zr−1 + Zr 4a1[(r + 1)r + (r + 1)]− a0[4r(r − 1) + 6r − γ]

+
∞∑

n=1

4an+1[(n+ r + 1)(n+ r) + (n+ r + 1)] + an[−4(n+ r)(n+ r − 1)− 6(n+ r) + γ]

+an−1[(n+ r − 1)(n+ r − 2) + 2(n+ r − 1)]Zn+r = 0

(4.64)

D ̧̃ (4.64),   (r + 1)r + (r + 1) = (r + 1)2    
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̂,  :

4a0[r(r − 1) + r] = 0 (4.65)

4a1(r + 1)2 − a0[4r(r − 1) + 6r − γ] = 0 (4.66)

4an+1(n+r+1)2+an[−4(n+r)(n+r−1)−6(n+r)+γ]+an−1[(n+r−1)(n+r)] = 0 (4.67)

R  ̧̃ (4.65)  a0 6= 0, :

r(r − 1) + r = 0 ⇒ r2 = 0 ⇒ r1 = r2 = 0

C   ̃   ̧̃ ́:

ψ1(Z) = Zr1
∞∑

n=0

anZ
n



ψ2(Z) = ψ1(Z)  Z+ Zr1+1

∞∑

n=0

bnZ
n

L,  r1 = 0      ̧̃ (4.66), :

4a1 + a0γ = 0 ⇒ a1 = −γa0
4

   ̧̃  ̂  ́  ̧̃ (4.67), :

4an+1(n+ 1)2 + an[−4n(n− 1)− 6n+ γ] + an−1[(n− 1)n] = 0



an+1 = −an[−4n(n− 1)− 6n+ γ]− an−1(n− 1)n

4(n+ 1)2
; n ≥ 1

C    ̧̃ .

P n = 1, :

a2 = −a1(−6 + γ)

4 · 22 =
γ(−6 + γ)a0

64

P n = 2, :

a3 =
−a2[−4 · 2(2− 1)− 6 · 2 + γ]− a1(2− 1)2

36



a3 =
−a2(−20 + γ)− 2a1

36
=

γa0(−6+γ)(20−γ)
64

+ γa0
2

36
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 

a3 = −γa0(γ
2 − 26γ − 88)

2304

P n = 3, :

a4 =
−a3[−4 · 3(3− 1)− 6 · 3 + γ]− a2(3− 1)3

4(3 + 1)2
=

−a3(−42 + γ)− 6a2
64



a4 =
γa0(−42+γ)(γ2−26γ+88)

2304
− γa0(−6+γ)6

64

64

 

a4 =
γa0(γ

3 − 68γ2 + 964γ − 2400)

147456

T   ̧̃  ψ1(Z):

ψ1(Z) =
∞∑

n=0

anZ
n = a0 + a1Z + a2Z

2 + a3Z
3 + a4Z

4 + · · ·

S a1, a2, a3  a4  ̧̃ :

ψ1(Z) = a0 −
γa0
4

Z +
γa0(−6 + γ)

64
Z2 − γa0(γ

2 − 26γ + 88)

2304
Z3

+
γa0(γ

3 − 68γ2 + 964γ − 2400)

147456
Z4 + · · ·

 

ψ1(Z) = a0


1− γ

4
Z +

γ(−6 + γ)

64
Z2 − γ(γ2 − 26γ + 88)

2304
Z3

+
γ(γ3 − 68γ2 + 964γ − 2400)

147456
Z4 + · · ·



A  ̧̃       ̧̃  ,

   1.4.
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5 CONCLUSÃO

N    ̃  ̧̃   ̂  ́

 ̧̃,    ́  ́   F̈.

D      ̧̃  ,    -

 ̧̃  ́  ̂  ,  ̧̃  G  H́ 

 ̧̃  B. A ̧̃  ̧̃    ́  ́  

F̈,  -     ̧̃     ,

     ̧̃  ̧̃       ́  

   .

A ̧̃          -

,       ̧̃  ,   

́ı       ̧̃  ,   ́

 ̧̃  ́  ̧̃  ́,     ́ı  

̧̃   ́  ́  ́,  F̈   .

O  ̧̃     ,     

 ̂,    ̧̃  ́  ̧̃ ́ı,  

   ́     . D,   ̧̃

     ̂,    ̧̃    ́ 

F,   ̧̃ ́  ̧  ́    ̧̃  B-

,   ̂  . A  ̧̃     

̃-̂,   ̧̃   ́  ́  ́. P ́ 

  ̧̃  ̧̃  S̈ ́  ́  F̈, 

  ̂  ́  ̂  ̧̃   ̧̃ ,

 ̧̃     ̃ .
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